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' Abstract. The Cancellation Problem for Affine Spaces is settled affirmatively, 

that is, it is proved that : Let k be an algebraically closed field of characteristic 
4^ ' zero and let n,m G N. If R[Yi, . . . , Y m ] =k k[X\, . . . ,X n+m ] as fc-algebras, 

where Y\,..., Y m ,Xi,..., X n+m are indetermoinates, then R k [Xi , . . . , X n ] . 



The Cancellation Problem for Affine Spaces (or Zariski Problem) is the follow- 
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The Cancellation Problem for Affine Spaces(or Zariski Problem). Let 

k be an algebraically closed field of characteristic zero and let n,m G N. If 
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are indetermoinates, is R =k k[Xx, . . . , X n ] ? 



R[Yi, ...,Y m ] = k k[Xx, . . . , X n+m ] as k-algebras, where Y 1: . . . , Y m , X ly . . . , X, 



n+m 



We may assume that k — C. in the above problem. The answer is yes for 
n — 1 ([8]) or n = 2 ([4]). But the cases n > 3 are open problems. Moreover, the 
known case n — 1, 2 are proved by some tools in algebraic geometry. The purely 
algebraic proof has not been known yet even in such cases. 

Our objective is to give an affirmative albegraic proof for all nGff. 

Throughout this paper, all fields, rings and algebras are assumed to be com- 
mutative with unity. For a ring R, R x denotes the set of units of R and K(R) 
the total quotient ring. Spec(i?) denotes the affine scheme defined by R or merely 
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the set of all prime ideals of R and Hti(R) denotes the set of all prime ideals of 
height one. Our general reference for unexplained technical terms is [6]. 



I. Preliminaries 

Definition 1.1. Let / : A — > B be a ring-homomorphism of finite type of locally 
Noetherian rings. The homomorphism / is called unramified if PBp = (PC\A)Bp 
and k(P) = Bp/ PBp is a finite separable field extension of k(PC\P) = Ap n p/ (P(l 
A)Ap n A for all prime ideal P of B. The homomorphism / is called etale if / is 
unramified and flat. 

Remark 1.2. In the above Definition ll.il we have only to consider maximal ideals 
M of A instead of prime ideals P of A (see, [1]). 

Proposition 1.3. ([10]) Let k be an algebraically closed field of characteristic zero 
and let B be a polynomial ring k[Yi, . . . , Y n ]. Let D be an extension of B. If D is 
etale and finite over B then D = B. 

The proof of the following is seen in a lot of texts of algebra, e.g., [9]. 

Lemma 1.4. Let k be an algebraically closed field of characteristic zero and 
let f(X) be a non-constant polynomial in k[Xi, . . . ,X n ][X]. Then there exist 
Ci, . . . , c n G k such that, putting X- = Xi + c,J (1 < i < n), f{X) is a monic 
ploynomial in k[X[, . . . , X' n ] [X] . 



Let A be a Krull domain and let Cl(A) denote the divisor class group of A. 
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Lemma 1.5. ([2, Theorem 8.1]) Let R be a Krull domain and let R[X] be a poly- 
nomial ring. Then Cl{R) ^ Cl{R[X\). 

Lemma 1.6. ([2, Proposition 6.1]) Let R be a Krull domain. Then R is a UFD if 
and only if Cl(R) = 0. 

Corollary 1.7. If R be a Krull domain and let R[X] be a polynomial ring. If 
R[X] is a UFD, then R is a UFD. 

Lemma 1.8. ([7, Theorem 14.2]) Let (R,m)R be be an n-dimensional regular 
local ring, and let xi, . . . ,Xi be elements of m. Then the following conditions are 
eqiovalent : 

(1) xi, . . . .Xi is a subset of a regular system of parameters of R; 

(2) the images in m/m 2 of x±, . . . , Xi are linear independent over a field R/m; 

(3) Rj (xi, . . . , Xi) is an (n — i)- dimensional regular local ring. 

Lemma 1.9. If R is a k-affine domain over an algebraically field k and if R[X] 
is a polynomial ring over k, then R is a regular domain, that is, R is regular •<=>- 
R[X] is regular. 

Proof. Since any maximal ideal of R[X] is a form mR[X] + (X — a)i?[X] for some 
a G k and some maximal ideal m of R, mR m has a regular sysytem of parameters. 
Hence R m is regular for all maximal ideal m of R. Thus R is regular. □ 

Proposition 1.10. (c.f. [7, Theorem 25.2]) Let k be an algebraically closed field of 
characteristic zero, let R be a regular k-affine domain and let R[X] be a polynomial 
ring and let f{X) G R[X] \ R be a monic polynomial in X . Assume that f(X) 
is a member of a regular system of parameters of MR[X]m such that f(X) G 
M \ (M 2 + (m H R)R[X}) for each maximal ideal M of R[X] such that f(X) G M 
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(since R is regular, R[X] is also regular by lemma \TJ%) . Then R[X]/ f(X)R[X] is 
unramified over R. 

Proof. Let M be a maximal ideal of R[X] which satisfies the assumption in Propo- 
sition. Put m = M fl R, which is a maximal ideal of R because R is a fc-afnne 
domain. Then / G R/m[X] = k[X] is a regular system of parameters of 
where M is the image of M in R/m[X}. Hence Mk[X]jj = fk[X\jj by the property 
of f(X). Thus m(R[X] M /fR[X] M ) = (M/fR[X] M )(R[X]/fR[X] M . Since M is 
any maximal ideal of R{X] containing f{X), we conclude that R[X}/ f(X)R[X] is 
unramified over R. □ 



2. Main Result 

Now we prove our main result, the Cancellation Problem for Affine Spaces. 

Theorem 2.1 (The Cancellation Problem for Affine Spaces). Let k be an alge- 
braically closed field of characteristic zero and let n,m G N. If R[¥i, . . . , Y m ] 
k[Xi, . . . , X n+m ] as k-algebras, where Yi, . . . , Y m , X 1; . . . , X n+m are indeterminates, 
thenR= k k[X u . . . , X n \. 

In order to prove this theorem, we may assume that m = 1 by induction. So 
we have only to show the following : 

Theorem 2.2 (Special Case). If R[T] = k k[X u ...,X n , X n+X ], then R ^ k k[X u ...,X n }. 

Proof. Put : R[T] = k k[Xi, . . . ,X n+ %\. First note that R is a regular UFD by 
Corollary O and Lemma [HE Put <f>(T) = f{X u X n+1 ) G k[X u X n+1 ], 
which is irreducible in k[Xi, . . . , X n+1 ]. Furthermore f(Xi, . . . , X n+1 ) G k[X\, . . . , A n+1 ] 
is monic in A n+1 with coefficients in k[Xi, . . . , X n ]. 
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We can write <fi(T) = f(X 1 ,...,X n+ i) 6 k[Xi, . . . ,X n ][X n+ i. We may also 
assume that /(Xi, . . . , X n X n+ i) e k[X\, . . . , X n , X n+1 ) in X n+1 by Lemma 11.41 
Then 

R = k k[X u X n+1 ]/(f(X 1 , X n+1 )) = k[x u ...,x n ] [a], 

where Xi denotes the residue class of Xi modulo (/(Xi, . . . ,X n+ i)) and a is that 
of X n+1 . It is easy to see that algebraically independent over k. Put 

A := k[xi, . . . ,x n ], which is a polynomial ring. We may assume that A °-> D by 
the isomorphism R = A[a](^) A). Note that any maximal ideal M' of A is given 
by M fl A for a maximal ideal M of R. 

Note that f(xi, . . . ,x n ,X) =: f(X) E A[X] is irreducible in A[X] and f(a) = 

and that A[a] = A[X]/(f(X)) ^ k k[X u . . . , X n+1 }/(f(X u . . . , X n+1 )) R, 
which is a regular domain by Lemma 11.91 

Since for any maximal ideal N of R[T] containing T, R[T]n/TR[T]n — Rnhr 
is regular, T is a member of a regular system of parameters of NR[T]n by Lemma 

01 Since T e (N 2 + (N f] R)R[T}), it follows that /(X) e N'A[X] N > satisfies 
f(X) e N'\ (N' 2 + (N' n A)A[X]) for any maximal ideal N' of A[X] containing 
/(X). Hence A[a] = A A[X]/f(X)A[X] is unramified over A by Proposition dUDJ 
Since /(X) G A[X] is monic, A[X]/f(X)A[X] is flat over A. So A[a] is finite 
etale over A. Hence we have A = A[a] R by Proposition 11.31 Therefore 
R= k A[a} = A^ k k[X 1 ,...,X n ]. □ 
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